Abstract. Let N = Nn(R) be the algebra of all n × n strictly upper triangular matrices over a unital commutative ring R. A map ϕ on N is called preserving commutativity in both directions if xy = yx ⇔ ϕ(x)ϕ(y) = ϕ(y)ϕ(x). In this paper, we prove that each invertible linear map on N preserving commutativity in both directions is exactly a quasiautomorphism of N , and a quasi-automorphism of N can be decomposed into the product of several standard maps, which extains the main result of Y. Cao, Z. Chen and C. Huang (2002) from fields to rings.
Introduction
A lot of attention has been paid to the commutativity preserver problem on associative algebras, particularly on matrix algebras. The earliest paper on such problem dates back to 1976, when Watkins [8] studied commutativity preserving maps on the full matrix algebra M n (F ) over a field F . If n 3, then every invertible linear commutativity preserving map ϕ on M n (F ) was shown to be one of the two standard forms:
, where c is a nonzero element in F , t an invertible matrix, and f a linear function on M n (F ). In 1999, Marcoux et al. [4] described commutativity preserving maps on T n (F ) of all upper triangular matrices, and in 2002, Cao et al. [2] determined commutativity preserving maps on N n (F ) of all strictly upper triangular matrices with F a field. It was Omladič who was the first to considered commutativity pre-
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serving maps on infinite-dimensional algebras. In [5] , he considers such maps on B(X) of all linear operators on an infinite-dimensional Banach space X. In 1993, Brešar [1] improved Omladič's result by using a ring theoretic approach called commuting mappings. Šemrl [6] turned to study nonlinear maps on M n (F ) preserving commutativity, and he found that, without the linear condition, these types of maps can have wild behavior. Commutativity preserving linear maps on a finite dimensional simple Lie algebra was characterized in [7] . We find that the known results on the topic of characterizing commutativity preserving maps are all for algebras over fields, no result concerns commutativity preserving maps on algebras over rings. The reason why people did not study commutativity preserving maps on matrix algebras over rings is probably that the technique of dealing with matrices over fields cannot directly be transferred to matrices over rings.
In this paper, based on the characterization of automorphisms of N n (R) due to Cao et al.
[3], we characterize the invertible linear maps on N = N n (R) over a commutative ring R which preserve commutativity in both directions, thus extending the main result of [2] from fields to rings. Our main idea is to show that a commutativity preserving map on N is exactly a quasi-automorphism of N , and a quasi-automorphism of N can be decomposed into the product of several standard maps.
Quasi-automorphisms of N
Let R be a commutative ring with identity. We denote by R * the set of all invertible elements in R. By e ij we denote the matrix unit which has 1 in the (i, j) position and 0 elsewhere. The set of all n × n strictly upper triangular matrices over R is denoted by N . The derived subalgebra [N , N ] of N is denoted by N 1 . If n 3, the center of N is Re 1n , which is denoted by Z. Set Φ = {(i, j) ; 1 i < j n};
One easily sees that all e α , α ∈ Φ, form an R-basis of N , and all e β , β ∈ Ψ, form an R-basis of N 1 . The Lie product of N is defined as [x, y] = xy − yx. 
